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SUMMARY

The results are expounded of the application of Myachin's estimates
of errors in numerical integration of the equation of motion in the case
of a problem of m bodies. Several numerical examples are given.
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* * .

In connection with the rapid development of computing techniques
the numerical integration methods have become the most effective when
undertaking the solution of the problem of n bodies. Such colossal works by
their volume of calculation as "Coordinates of the Five Outer Planets
1653 - 2060", " Coordinates of Four Minor Planets 1940~ 1960" and others,
were conpleted by numerical integration methods. However, the merit of nu-
merical methods is substantially diminished on account of error accumulation
at integration.

The error occurs on account of limited precision in the computer
(rounding-off errors), because of unaccounted differences in the integration
formulas, and also on account of the inaccurate value of initial data.

The errors due to unaccounted differences may be reduced to a minimum
by proper selection of interval and the number of terms in the integration
formula. The accounting of errors in the initial data offers little difficulty,
for if the initial data are computed with a precision, with which the compu~
tations are performed, they may be considered as rounding-off errors in the

first integration step,.

*)O NAKOPLENII OSHIBOK PRI CHISLENNOM INTEGRIROVANII V NEKOTORYKH ZADACHAKH
NEBESNOY MEKHANIKI.
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In most of cases it is important to know the dependence between
the number of steps and of vanishing columns, so that the required pre-
cision be assured beforehand, or the error with which either quantities
are obtained well established.

With this in view V., F.Myachin (1959) derived formulas for the
estimate of rounding off error accumulation when integrating pumerically
the equations of motion in the problem of two bodies.

If in these formulas we neglect the eccentricity e, and denote
by 3 the true error in the k-th step, we may write them in the form:

< (k=12 3..; i=1,223),
where k is the number of the step, i is the number of the coordinate
(xy5,2),
__ V3 )
=L VNI,
NO=3dR(E, — E )+ 6V (E, — Ef + [12:3— 6$f',+1750(;)’+ 1262 cos (E, — E) +
+ 12604 | (E, — E)+ [ —8(1—s? ) sin (E, — E))— 2499 sin (E,— E,) +
+ () — o) + (— g oA — T+ gL, sin2(E, — )], M
o) =s,  sin E,—s, 4cos E,,
1P =s, cos E,+s, ,sinE
Si, 1 Si»» S5 are the planned coefficients (in the generally accepted deno-
tations P,Q,R), n is the daily motion of the body, h is the integration
step, E, is the eccentric anomaly (in this case the mean anomaly, since

e == 0), f is the maximum rounding off error at computations of the right-
hand parts of equations in each step.

Such is the form in which the formulas are utilized by us for the
quantitative comparison of the error &), obtained at numerical integration

with a forecast :={..

l.-Let us perform the indicated comparison on examples, especially
computed to that effect (the examples were computed with aid of the computer
of the BESM Academy of Seciences of the USSR). The problem resolved is that
of a plane unperturbed motion with different initial data (orbit elements).



The value of the integration interval and the elements are so
chosen that exactly one hundred steps are made over one convolution.
Three examples are computed in all with 1100 steps in each of them; the
initial conditions are determined by the following elements :

B Example 1 Example II Example III
Ho CR I NN B BB A B B W Y 00 oa GQ

w e ¢ 0 S 000 Se 88O m oo oo

@ ceeiesccccecnne 0.04825380 0.04825380 0.2

D eeeececcsaccone 299".128376 648" 648"
Integr.step h... @ 43%35258794 2040 2040

The integration was performed by the Cowell quadrature method
taking into account the fourth differences '

- 1 1 31
X=f(-2)+ﬁ]_m](2)+ f(‘),

where .
f=—ki%,

and X is a vector with components X,Y, Z,

The results of integration

X], Xg, ooy X., L
were compared with the quantities
x-], .fg, .oy ig, vy

earlier computed by the elliptic motion formulas in the sixth decimal
point the difference

H—X="5
was taken for the pure accumulation of rounding off errors, inasmuch as

the influence of higher differences in the integration formula, in the
given case f(s), is taken into account with the meximum precision

(s <1-107).

In the following we shall neglect these errors too, for their
influence in all the considered works lies beyond the limits of the preci-

sion with which the computations are performed.
The quantity 0.5 ° 10'9 was taken for the rounding off error §
that is, the precision with which f were computed in each step.



It may be noted that formulas (1) will be significantly simpli-
fied if we compute the estimates for the points E;—E, multiples of
0,3 = %n. As to our case, formulas (1) will be still further simplified
because the problem resolved was that of plane motion (s, =s,=1, s;;=/5;,=0)
and the integration began from the perihelion point (E°= 0); namely

Jao
Yo Y

| <= 3P VNS(E) (=1, 2% k=1,2,3...)
(nh)?

NO(E) =L E, NY(E)=3E-+38E  at H=2ms, (m=12..)

N (E)=3E + 145, —32, NY(E)=22F—8 at £= (2,,, +%) 5 @

NN E)=FE, N®(E)=3EI—10E, at Ei=@@m-+1)7,

NO(E)=3E}+14E+32, NY(E)=3E+8 at H=(2m+3)x

Beginning with k > 200, the ratio % becomes of the order l/loo

k

and that is why, neglecting the first power Ek by comparison with Ezl?: R
and assuming Ek ==nhk, we shall obtain

1 3
) £3 at E,=mn,

F‘r"= 70.30k? , (B=3%k ©
Wit  p=r03k?  at E=(m+ )~

Note that ¢ are obtained identical for all the three considered
examples. This is due to the fact that the product mh is the same (';T)')
in all examples, and that the influence of eccentricity does not distort
the result very much, At k > 200 the formula for the estimate (Myachin )
is written in the form s
€z=3?|°k|‘1—:£;s‘z': .

The computed |3’ and the forecast errors ¢’ are compiled in

Table 1. We placed in the first column the mean anomaly for all the three
"planets", in the second — the respective number of integration steps;
the true errors i) and & for the examples I-III are in columns 3 -8,
while the 9th and the 10th contain the values of &) and &2, providing
the error estimate in all the three examples. The values of &), &) are

expressed in units of the sixth decimal sign.
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Comparing the 3rd, 5th and 7th columns with the 9th, or the 4th,
6th, 8th with 10th, we shall be able to judge on the quality of the obtained
estimate. Attention should be called to the fact that the estimate reflects
the fluctuating character of error accumulation.

2.~ From the standpoint of error accumulation it was found to be
interesting to consider the coordinate of Uramus, Saturn, Jupiter, obtained
by D.K.Kulikov when integrating VIII Jupiter satellite for the period
from 24 January 1930 to 28 August 1965. The integration was performed on
the BESM computer with a 10-day step (altogether 1300 steps). The planets!
coordinates were obtained at simultaneous integration of a system of nine
equations, the initiasl coordinates being borrowed from the Astronomical
Papere of 1951.

fnasmuch as the coordinates of the plamets, published in 1951 in
"Astronomical Papers™, were computed with great precision (a system of

equations of motion were jointly resolved for 5 outer planets, the calcu-
lations having been performed with 14 columns), they were accepted as a
precise solution of X , and the difference X:+—X: was taken for the
true error in the estimated coordinates. The comparison was made in the
fifth decimal point. The results are compiled in Table 2.

For the estimate of this error by V.F.Myachin formulas it is neces-
sary to establish the error with which the calculations are performed on |
one step. In the given case, aside from the rounding off error P(p==0.5-109),
there will be at computations of right-hand parts of the equations an error
on account of disregarded perturbations of Neptune and Pluto. The values
of perturbations reach 1.-110'9, that is, they exceed the calculatiom error,
Of the three planets Uranus is the one subject to greatest influence of
perturbations, for during the investigated time interval Uranus has time
to effect only half of a convolution, and the aggregate perturbation from
Neptune and Pluto has a constant sign in the course of a significant time

period while Saturn effects 4.5 convolution and Jupiter — 3,5. The per-
turbations from Neptune and Pluto have a periodic character. For the esti-

mate of error on account of rounding off we shall make use of formulas (1)
(the results are shown in columns 4, 7 and 10 of Table 2). These formulas
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cannot be used for the evaluation of error due to unaccounted perturbations,
for the latter are subject to the law of random errors, while in deriving
(1) the probable law of random error distribution was utilized. The only
acceptable formula in this case may be the following (Myachin, 1959):

<P Vo Pkt (i=1,2 3 k=1, 2, 3...), @)

where we took for § the error on one step on account of disregarded per-
turbations, and o) has the same value as in (1).

When compufing by formulas (4) we took for ¢ the maximum perturba-
tion from Neptune and Pluto for all the three planets, that is, 1 . 10‘9,
which 6bviously gives a strong overrating for Jupiter and Saturn (Table 2,
columns 5, 8, 11).

3.~ We shall give one more example. We will attempt to estimate
the error resulting from round-off errors in the coordinates of major pla-
nets published in the "Astronomical Papers"of 1951. The estimate will be
made according to the rough formula obtained from (1) at the following
assumptions: we neglect Ekz and Ek by comparison with Ei s @and we assume
fi: equal to 1. Then (1) will take the form

|31 < &= 3pkT . )

If we take for‘y 1 . 10'14, then, after 100 integration steps,
which correspond in the given case to mere than 100 years, the error in
planet coordinates will be about 1 . 10‘9,that is, the published coordinates
of major planets are free from round-off errors.

Therefore, the above-presented examples show that the formulas
derived by V. F.,Myachin for the estimate of round-off errors are quite valid
for practical utilization.

The estimate (1) reflects the fluctuating character of the error
and gives a comparatively small overrating (as a rule, less than 10 times).
It is then revealed that after 1000 integration steps no more thamn 5 columns
are lost in the guantity searched for on account of round-of errors.

AB to the error caused by unaccounted perturbations (Table 2), the
estimate (4) utilized for them should be considered as unsatisfactory,
inasmuch as it does not take into account the sign-changing character of
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perturbations., This estimate gives a practically acceptable result only
in the case when the perturbations indicate, over the entire integration

interval or over its greater portion, values of constant sign.

s THE END s

Manuscript received on
28 June 1558.
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